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Design Of Proprioceptive Legged Robots
Abstract
It has been twenty years since the advent of the first power-autonomous legged robots, yet they have still
not yet been deployed at scale. One fundamental challenge in legged machines is that actuators must
perform work at relatively high speed in swing but also at high torque in stance. Legged machines must
also be able to “feel” the reaction forcesin both normal (to switch from swing to stance control) and
tangential (to detect slip or stubbing) directions for appropriate gait-level control. This “feeling” can be
accomplished by explicit force/torque sensors in the foot/leg/actuator, or by measuring the deflection of
a series mechanical spring. In this thesis we analyze machines that obtain this force information directly
through the implementation of highly backdriveable actuators that require no additional sensors (apart
from those already required for commutation).
We address the holistic design of robots with backdriveable actuators including motor, transmission,
compliance, degrees of freedom, and leg design. Moreover, this work takes such actuators to the
conceptual limit by removing the gearbox entirely and presenting the design and construction of the first
direct-drive legged robot family (a monopod, a biped, and a quadruped). The actuator analysis that made
these direct-drive machines possible has gained traction in state of the art modestly geared machines
(legged robots as well as robot arms), many of which now use the same motors. A novel leg design (the
symmetric five-bar, where the “knee” is allowed to ride above the “hip”) decreases the wasted Joule
heating by four per unit of torque produced over the workspace compared to a conventional serial design,
making the 40 cm hip-to-hip Minitaur platform possible without violating the thermal limit of its motors. A
means of comparing actuator transparency (the curve representing collision energy vs. contact
information) is presented and is used to compare the performance of actuators with similar continuous
torque but vastly different gear ratios (1:1, 4.4:1, 51:1). This transparency can be used to show the
different outcomes in a representative task where the actuators must “feel” a ball on a track through
contact and then recirculate to “cage” the ball before the energy required to “feel” has caused the ball to
roll out of the workspace. For a 50 g rubber ball, the direct drive actuator is able to successfully
accomplish the task, but the 4.4:1 actuator is not able to cage the ball in time, and the 51:1 actuator
cannot feel the ball at all before pushing it out of the workspace.
Finally, the actuation and force measurement/estimation strategies of the three leading commercial
legged robots are compared, alongside other considerations for real-world fielded machines. This thesis
seeks to show that legged robots (both academic and commercial) whose actuators are designed with
careful consideration for proprioception can have similar performance to more conventional machines,
with better robustness and greatly reducedcomplexity.
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ABSTRACT
DESIGN OF PROPRIOCEPTIVE LEGGED ROBOTS
Gavin David Richman Kenneally
Daniel E. Koditschek
It has been twenty years since the advent of the first power-autonomous legged robots,
yet they have still not yet been deployed at scale. One fundamental challenge in legged
machines is that actuators must perform work at relatively high speed in swing but also
at high torque in stance. Legged machines must also be able to “feel” the reaction forces
in both normal (to switch from swing to stance control) and tangential (to detect slip or
stubbing) directions for appropriate gait-level control. This “feeling” can be accomplished
by explicit force/torque sensors in the foot/leg/actuator, or by measuring the deflection
of a series mechanical spring. In this thesis we analyse machines that obtain this force
information directly through the implementation of highly backdriveable actuators that
require no additional sensors (apart from those already required for commutation).
We address the holistic design of robots with backdriveable actuators including motor,
transmission, compliance, degrees of freedom, and leg design. Moreover, this work takes
such actuators to the conceptual limit by removing the gearbox entirely and presenting the
design and construction of the first direct-drive legged robot family (a monopod, a biped,
and a quadruped). The actuator analysis that made these direct-drive machines possible
has gained traction in state of the art modestly geared machines (legged robots as well
as robot arms), many of which now use the same motors [1–6]. A novel leg design (the
symmetric five-bar, where the “knee” is allowed to ride above the “hip”) decreases the
wasted Joule heating by four per unit of torque produced over the workspace compared to a
conventional serial design, making the 40 cm hip-to-hip Minitaur platform possible without
violating the thermal limit of its motors. A means of comparing actuator transparency
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(the curve representing collision energy vs. contact information) is presented and is used to
compare the performance of actuators with similar continuous torque but vastly different
gear ratios (1:1, 4.4:1, 51:1). This transparency can be used to show the different outcomes
in a representative task where the actuators must “feel” a ball on a track through contact
and then recirculate to “cage” the ball before the energy required to “feel” has caused the
ball to roll out of the workspace. For a 50 g rubber ball, the direct drive actuator is able to
successfully accomplish the task, but the 4.4:1 actuator is not able to cage the ball in time,
and the 51:1 actuator cannot feel the ball at all before pushing it out of the workspace.
Finally, the actuation and force measurement/estimation strategies of the three leading
commercial legged robots are compared, alongside other considerations for real-world fielded
machines. This thesis seeks to show that legged robots (both academic and commercial)
whose actuators are designed with careful consideration for proprioception can have similar
performance to more conventional machines, with better robustness and greatly reduced
complexity.
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CHAPTER 1 : Introduction
1.1. Motivation
Legged robots have the potential for significantly better performance over unstructured
terrain (whether natural or built) compared to wheeled and tracked devices. This potential
arises because legged machines are able to select appropriate footholds in the environment
(up to friction and normal force direction constraints) as opposed to requiring an unbroken,
traversable (amenable slope, ground clearance, traction, etc.) path to roll over. In addition,
legged machines are capable of dynamic maneuvers such as leaping or climbing on vertical
substrates, movements that would be impossible without highly specialized wheeled or
tracked devices. Nature provides amazing examples of legged animals that are capable of
walking, running, and climbing nearly anywhere on land without requiring any additional
infrastructure. It has been twenty years since the first power-autonomous legged robot
was created, yet whereas some of this potential has been demonstrated in lab and research
settings [10–12], and we have seen increased industrial progress [6, 13–15], there is still no
at-scale deployment of legged machines.
One fundamental challenge in legged robots is that the actuators are responsible not only
for accelerating the limbs and the body, but must also bear the weight of the machine. Such
is not the case for wheeled and tracked devices, whose weight is supported entirely by the
structure. This presents a well understood trade-off [16, 17] between the requirement for
high torque (motivating a higher gear ratio) and recirculation speed (motivating a lower
gear ratio). In BLDC (brushless direct current) motors, the no-load speed trade-off can
be mitigated up to a point by increasing bus voltage or motor kv [16, 18] up to the speed
limit caused by commutation efficacy in the motor controller (a function of delays caused
by position sensing, current switching dynamics, commutation computation, etc.) and the
maximum rotation speed of transmission elements. Central to this thesis, and the focus
of Chapter 4, is another more recently considered [19] and inescapable consequence of the
same trade-off, namely that actuator friction and reflected inertia also scale with gear ratio
1

(linearly and squared respectively). This means that not only does actuation bandwidth
decrease with gear ratio, but so does the backdrivability of the motors and, consequently, the
motor’s ability to “feel” external forces or extract force information from the environment
through estimation.
Force estimation is of importance for any robots that experience unexpected contact, but
especially so for legged machines that need to detect touchdown in order to switch from
swing to stance control, as well as to detect toe stubbing and loss of traction (both of which
can prompt secondary control reflexes). Critical to this thesis is the strategy of estimating
contact force information only from the sensors which are already required for commutation
(namely position and current). This is a departure from other strategies that involve either
explicit force sensors (whether at the output of the actuator or at the location of contact)
or mechanical devices (springs) to convert forces to more readily-measured displacements.
Using motor current to estimate torque is a standard practice, but it is only viable if the
actuator is transparent enough that the transmission and leg friction and dynamics (noise)
does not overwhelm the contact force propagated through the transmission and leg (signal).
As a means to explore this trade-off, a significant portion of this thesis is devoted to the study
of direct-drive (DD) machines (which have a long pedigree in manipulation [20]), where there
is no reduction system and so the “gear ratio” is one. These machines represent the extreme
of the most backdriveable and least encumbered (by friction, backlash, and inertial effects)
means of achieving virtual compliance, and using that deflection to estimate external torque.
Geared actuators are then compared to direct-drive motors in Chapter 4, and lightly geared
commercially available robots are then considered in Chapter 5.

1.2. Actuation Overview for Highly Dynamic Legged Robots
Raibert’s pioneering work on early legged robots (monopods, bipeds, and quadrupeds)
required off-board power, hydraulic transmissions, and force sensors [21–23] to achieve sufficient specific power and reliable contact/force information for dynamic behaviors. At
Boston Dynamics, this strategy was further refined resulting in the power-autonomous (us-
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ing an internal combustion engine) Big Dog platform [24] and then expanded with larger
(LS3 [25]), smaller (Spot, now referred to as Original Spot [13]), and faster (Wildcat [13])
quadrupeds. Quadrupeds with hydraulic transmissions are still under active development
in academic settings as well [26], but are very mechanically complex (making scaling down
challenging) and they require costly and highly specialized valves for the necessary high
bandwidth control.
Pratt presented series-elastic actuators (SEA) by adding a spring at the output of highly
geared DC motors [27] as an alternate to hydraulic transmissions and internal combustion
engines. Using specialized C-shaped compliant legs with a single actuated degree of freedom
(DoF), RHex was the first power-autonomous legged robot [28]. This led to many more
legged robots being built using SEA including single DoF legs and a compliant-backed
quadruped [29], 4 DoF/leg bipeds [30], and many 3 DoF/leg quadrupeds [31–33]. While
the series spring does decrease the impedance of the actuator and protect the gearbox from
shock loading–a feature which is critical given the large reflected motor inertia from the
large gear ratio–the constant-stiffness spring’s dynamics can interfere with control.
Kim designed the MIT Cheetah series of robots with much lower gear ratios using custom
BLDC motors [19] to greatly reduce the reflected inertia such that series-elastic elements
were not needed and the robots could achieve virtual compliance through the motors for
sensing and control instead of using mechanical springs. The author then took this strategy
to the logical extreme by showing that with the right combination of motor (which could
be COTS), leg design, and length scale it was possible to have direct-drive legged machines
that are maximally proprioceptive [34]. These same motors were then used by Kim’s group
in lightly geared machines, a prototype of which also employed the same leg design (a
symmetric five bar [3]). Very similar strategies are now used in commercial legged robots [6].
Further technical context will be provided at the beginning of each Chapter in this dissertation, as outlined in Section 1.3.
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1.3. Contributions and Organization
This thesis addresses the design of legged robots that can “feel” directly through the motor
without a series-elastic element, external sensors, or highly specialized motors. Analytical
tools are introduced to select the appropriate motor, reduction system (if at all), and leg
design to ensure good proprioceptive performance to create machines that can run at speeds
and with energy efficiency comparable to more conventional designs. The result is the design
of the first direct-drive legged robots, based on strategies that can also be extended to lightly
geared robots which have proven to be highly versatile [1–6] in the years since these ideas
were first introduced [34].
Chapter 2 outlines the design and construction of the first family of direct-drive legged
robots, shown in Figure 1. These contributions include a measure for actuator selection,
Kts , which has identified large gap radius and small annular thickness brushless outrunners
as very well suited for direct-drive or near direct-drive machines. These large gap radius
motors (originally created for multirotor drones) have also been adopted in other designs
for legged machines as well as robot arms and hands [1–5]. Section 2.2 also introduces
a necessary condition, amcv , for a DD machine (actuator, leg, and framing) to be viable
at a given length scale. The direct-drive machines described have better than average
efficiency, transient, and steady performance (shown in Table 2) than geared alternatives of
a similar size as well as significant advantages in proprioceptive sensitivity, discussed further
in Chapter 4. The analysis from this chapter is crucial to motor selection for direct-drive
or near direct-drive machines, a large number of which [1–5] now all use the same series of
motors originally identified in [34].
Chapter 3 compares leg designs in existing machines between one and three DoF (degrees
of freedom) with and without parallel compliance in Section 3.1. A novel two DoF leg
design where the “knee” is allowed to ride above the “hip” of a symmetric five-bar linkage
is presented and analyzed. It was found to offer better performance along three dimensions
of a vertical leaping task (power from the motor, energy from the parallel spring, and
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collision efficiency) in Section 3.3. The symmetric five-bar also offers better performance in
all three infinitesimal kinematic measures (proprioceptive sensitivity, minimum force, and
thermal cost of force) than more conventional open-chain and parallel five-bar designs. This
novel leg design offers a significant enough increase in performance according to the above
measures to enable the 8 DoF Minitaur [34] robot to be viable without a reduction system
at its length scale. When averaged over the workspace, the symmetric five-bar produces
a quarter of the Joule heat to be dissipated compared to a conventional serial mechanism,
and the motors are kept below their thermal limit.
Chapter 4 considers actuator design for legged robots or other robots that require high
torque, bandwidth, and sensitivity both in terms of performing work in (Section 4.2) and
acquiring information (in Section 4.3) by comparing actuators that achieve roughly the same
continuous torque through three different gear ratios (1:1, 4.3:1, 51:1). In Section 4.5, the
mechanical transparency of the BLDC geared actuators is also characterized empirically
through a simple feel-cage task (where the actuator must proprioceptively “feel” a ball
on a track and then recirculate to “cage” the ball before it leaves the workspace) which
includes both transparency and bandwidth capabilities. Using balls of different masses,
the actuators’ proprioceptive sensitivity and bandwidth lead to different capabilities with
respect to this task. For a 0.05 kg rubber ball, the DD actuator can both “feel” and “cage,”
the 4.3:1 actuator can “feel” but is not fast enough to “cage,” and the 51:1 actuator lacks
the sensitivity to feel this ball at all. This feel-cage task is representative of tasks that
require quick contact detection and movement such as when the Minitaur robot uses its
leg to detect contact with a door knob, then retracts and extends to turn the knob, all
while the robot is in the air, mid leap [12]. The major contribution of this chapter is
to demonstrate how an instructive comparison can be made between the transparency of
different actuators by considering their collision energy vs. delay curves and thus their
suitability for proprioception in highly reactive machines.
Chapter 5 extends the analytical principles from the previous chapters to commercially
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available legged robots from Ghost Robotics [6], Boston Dynamics [13], and Anybotics [14].
The reduction system (strain wave or gears) and torque sensing/estimation (torque sensor,
series-elastic spring, proprioception) strategies are compared in terms of different dimensions
of performance as well as complexity and cost in Section 5.1. Other design considerations
for fielded legged robots are then discussed in Section 5.2 including endurance, ingress
protection, and repairability. These machines are not direct-drive like the machines in
Chapter 2, but the main contribution of this chapter is that the same analysis can still be
applied to ensure that modestly geared machines will have sufficient proprioception, and
more heavily geared actuators must rely on some other force sensing/estimation strategy.
Chapter 6 provides the big-picture contributions of this dissertation, as well as suggestions
for future work in the field of highly proprioceptive robots as relating to new technological
opportunities, a limit of contact information per collision energy, and promising dynamic
transitional maneuvers.
Finally, the appendix contains a proof of the invariance of leg metrics from Chapter 3 to
rotation about the hip axis, and an explanation as to how these measures compare to the
singular values of the leg Jacobian.
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CHAPTER 2 : Design of Direct-Drive Legged Robots
A direct-drive (DD) robot forgoes the use of a gear, belt, chain, or other reduction to amplify
its motors’ effective torque production. This chapter presents the design and construction
of the first (to our knowledge) examples of general-purpose DD legged robots using rotary
electric motors1 shown in Figure 1.
Section 2.1 begins by considering the advantages and disadvantages of DD in the context
of legged robots. In Section 2.2 the actuator design implications are explored including
the introduction of a new motor optimization measure (2.2). Section 2.3 discusses the
actuator mass budgeting requirements for DD legged robots, and the related framing costs
that scale with DoF are shown in Section 2.4. Finally the DD machines are compared to
more conventional legged robots at a similar scale in Section 2.5 using a variety of common
metrics. This work on the design of a family of direct drive robots was first published in [34].
Analysis of leg design requires more detailed treatment and so is reserved for Chapter 3.
The contributions of this chapter are the design strategies that resulted in the first ever
family of direct-drive legged robots, first published in [34]. A new actuator sizing measure,
kts or thermal specific torque, is introduced and has proven to be instrumental in motor
selection, identifying the T-Motor brushless outrunner drone motors (and their copies)
as exceptional for direct drive or near direct drive machines, which have since become
very popular in legged robots [1–3] as well as highly agile robot arms and hands [4, 5].
This chapter also introduces a comparative measure, amcv , (2.4) that provides a necessary
condition governing whether a legged robot (comprised of specific actuators, linkages, and
leg configuration, operating at a specific length scale) will be suitable for DD operation.
When compared to state-of-the-art geared research legged robots, the direct-drive robots
have better than average efficiency, transient, and steady performance shown in Table 2
even though they must overcome their specific-force disadvantage, and are not able to fully
1
The possible exceptions are very specialized (not general-purpose) machines [35], as well as those using custom
DD linear actuators [36].
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exploit their specific-power advantage because of the near-stall operation. However, the
direct-drive design has a significant advantage in proprioceptive sensitivity, which will be
discussed further in Chapter 4.

2.1. Direct Drive Advantages and Disadvantages for Legged Locomotion
2.1.1. Advantages
Transparency

DD actuation benefits robotics applications by avoiding backlash, achiev-

ing high mechanical stiffness, and mitigating the reflected inertia of the motor and coulomb
and viscous friction in the gearbox so that motor dynamics can be more quickly and easily
influenced by external forces acting on the leg [20].
Mechanical performance Eliminating the gearbox results in improvements in: mechanical robustness, since there are no gears to protect from impulses [27, 37]; dynamic
isolation of the body, since it is only coupled to the legs through the motor’s air gap and
inertially through the motor’s bearings; mechanical efficiency, since DD machines experience no mechanical losses due to gear reduction whereas standard planetary gearboxes
have a maximum efficiency of 60–90% [38], and exhibit directional dependency [39]; and
control methodology since decreased mechanical complexity exposes Lagrangian dynamics, promoting behavioral strategies relying on torque [20,40], impedance [41,42], and other
“natural” (physically robust and mathematically well-founded) control methods [43].
High-bandwidth signal flow Removing the gearbox enables advantages in: sensing,
mitigating low-pass spring dynamics arising in SEA [27], as well as filter dynamics in feeding
back distal force/torque readings [44] (slowing a 3kHz control loop down to 600Hz in the
latter case); actuation, since avoiding SEA also removes the low-pass filtering of actuation
signals [27]; hence tunable compliance which can be implemented at kHz timescales,
the sort of reactivity known to play an important role in animal negotiation of complex
terrain [45].
Specific power

Since a gearbox both increases mass and decreases power (because of its

associated losses), the peak specific power of DD actuators will be significantly higher than
their geared counterparts.
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Figure 1: The DD robots discussed in this thesis: Delta Hopper (left), Minitaur (center),
and Jerboa (right).

2.1.2. Disadvantages
Without a gearbox to amplify the output torque and decrease the output speed, DD motors
must operate in high-torque, low-speed regimes where Joule heating is significant. This
means that the actuators must mostly operate far from both their peak power and peak
efficiency, which both occur much closer to no-load speed [38].
Gear ratios in legged robots are typically in the range of 20:1 to 300:1 [18, 46–48], so by
removing the gearbox, mass-specific torque (not power) becomes the first limiting resource
in electromagnetically actuated robots [20, 40]. Adopting the perspective of locomotion
as self-manipulation [11], the force/torque resource becomes even more scarce as the machine’s payload must now include the robot mass itself. In addition to the limited specific
force, the diminished electromechanical efficiency near stall conditions makes DD operation
potentially energetically expensive.
The design problems associated with actuator selection, configuration, recruitment, and leg
kinematics must therefore address one central theme, namely how to mitigate the specific
force scarcity.

2.2. Actuator Selection
In the DD family, motors are selected to maximize specific torque at two time scales: instantaneous performance (peak specific torque) limited by flux saturation of the motor’s
core, and steady performance (thermal specific torque) limited by the winding enamel’s
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Figure 2: Peak specific torque (limited by flux saturation; affects instantaneous performance) against gap radius for a selection of legged robot actuators.
maximum temperature.
Peak specific torque [40],

Kps :=

Kt ip
m

(in units of

Nm
kg ),

(2.1)

where Kt is the motor’s torque constant ( Nm
A ), ip the peak current (A) before the core is
flux saturated, and m the motor’s mass (kg). Our new metric, thermal specific torque,
Kt
Kts :=
m

r

1
Rth R

,

(in units of

Nm
√ ),
kg ◦ C

(2.2)

where Rth is the motor’s thermal resistance (in units of ◦ C/W), and R is its electrical resistance (in Ω), conveys a motor’s desirable ability to produce torque at stall, in contrast with
its production and dissipation of waste thermal energy caused by Joule heating. Thermal

10

K ts : Thermal Specific Torque

○

0.7

● TMotor U

0.6

■ Maxon EC Flat
◆ MF0150-0255

0.5

▲ Halodi REV01

0.4

▼ HT0500

0.3

○ MIT Cheetah

▲
●
●

◆
▼
▼
▼
▼

0.2
0.1

■
■

0.0
0.00

■
■

■
■
■
■

▲

◆
◆
◆
◆

■

■

0.02

◆
◆

◆
◆
◆
◆

▲

0.04

0.06

0.08

0.10

Radius (m)
Figure 3: Thermal specific torque (limited by winding temperature; affects steady-state
performance) against gap radius for a selection of legged robot actuators. The dashed line
indicates the mean of the “inliers.”
specific torque is similar to the dimensionless motor constant Km (in units of

Nm
√
)
W

[20]

and is also winding invariant [49] but takes mass and thermal dissipation into account.
Generally, this measure is tied favorably to the motor’s gap radius [40] resulting in better
performance for outrunners (rotor on the outside) compared to inrunners (rotor on the inside), and motors with a large radius to depth ratio [20]. This measure is similar to Hcase
in [18] but is mass-normalized.
Figs. 2 and 3 show plots of Kps and Kts (respectively) against gap radius for a variety of
motors, many of which are used in the state of the art machines listed in Table 1, whose
motors are specified in Footnote 5.
The plot of peak specific force against gap radius, r, in Figure 2 demonstrates a very strong
linear trend (up to differences in framing mass and magnetic permeability of the core).

11

Thermal specific force (Figure 3) is also quite linear in gap radius, but three important
outliers become apparent: the T-Motor U series (used in this family of machines), the
custom motors made for the MIT Cheetah [50] (there is much less information published on
subsequent generations of custom motors used in the MIT Cheetah 3 [51]), and the more
recently developed exotic but commercially available Halodi REV01 series [52].
The new Kts metric (2.2) reveals that electromechanical DD design for legged locomotion
entails a degree of “inverse motor sizing,” whereby the robot’s length scale is constrained
by the availability of COTS motors with adequately good Kts (such as the outliers noted in
Figure 3) at that scale. That is to say that this is a technological, as opposed to fundamental
limitation. Here, the term “adequately good” is governed by the effect of Kts on the
continuous thermally sustainable torque in the amcv measure detailed in (2.4), which must
be positive for the machine to stand indefinitely in the least favorable posture that keeps
the toes directly below the hips in the case of 2 DoF legs, and in a horizontal configuration
for 1 DoF legs. Ignoring the three outliers in the Kts plot, a linear fit over the rest of the
data gives Kts = 4.39 r, with a coefficient of determination of 0.895. Using the standard
thermal model [38, 53], actuators can incur a core rise of 100◦ C 2 , and the robot’s design
achieves an optimistic (Table 1) actuator mass fraction of 40%. Measuring the length of the
first link in units of r (gap radius) to cancel the r in the Kts plot, results in min(Γv ) =

1
r

(3.5) where Γv is the mechanical advantage in the vertical direction. For the linear fit of
most of the motors, amcv ≥ 0 implies that the first link must be ≤ 1.79 r, for the U8 ≤ 4.34 r
and for the Halodi motor ≤ 4.43 r is possible, and for the MIT Cheetah motors, ≤ 6.02 r
can be achieved. In other words, for all these “inliers” (the actuators with aggregate 4.39
slope in Figure 3), a DD legged platform would be uselessly “stubby” as the majority of the
first link length would be consumed by the motor’s radius, resulting in minimal usable toe
workspace. The MIT Cheetah motors would be very suitable for DD use, but the length
scale of the machine would have to decrease significantly compared to the existing Cheetah
2
This somewhat arbitrary criterion reflects our working practice safety margin with our lab’s various electromagnetic actuators since the windings typically melt around 140◦ C.
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robot.

2.3. Mass Budgeting
It has long been understood in the legged locomotion design literature that a large fraction
of the robot’s mass budget should be reserved for actuation [53]. Our desire for DD designs
pushes this notion toward its extreme as the robots in this family all have approximately
40% of total mass taken up by the actuators, compared to 24% and 33% for the modestly
geared MIT Cheetah and Mini Cheetah respectively and approximately 10-15% for more
conventional machines (detailed in Table 1).

2.4. Degree of Freedom Framing Costs
While increasing the number of active DoF/leg can improve control affordance, distributing
actuators incurs inescapable costs (paid out of the scarce resource of specific force) associated with replacing a single larger actuator by multiple smaller ones. When considering
how a motor’s output torque scales as the characteristic length is modified, the designer
must decide which motor scaling is more representative of the actuator choices available,
namely isometrically, or by assuming a constant cross section and varying the gap radius.3
For a constant actuator mass budget, as the number of actuators, n, increases and the
actuators scale isometrically, the specific torque scales as ∝ n0 if the motors are added in
parallel and ∝ n−1 if they are in series. If the actuators are instead scaled by gap radius, the
specific force goes ∝ n−1 in parallel and ∝ n−2 in series.4 This scaling argument represents
the minimal characteristic rate of lost specific force production incurred by adding motors
whereas, in practice, the additional motors accrue additional cost arising from the further
increment of mass (and complexity) needed to frame and attach them. The machines considered in this thesis all have one to three active DoF/leg (see Table 1) but humanoids such
as Asimo [54] with 57 actuated DoF will incur significant cost.
3
The scaling choice depends on both the design objective and availability of COTS (or feasibility of making custom)
actuators.
4
Assuming constant density, the mass budget yields a volume budget, and so the volume of each actuator,v, will
be the total volume budget divided by n, so n ∝ v −1 . Scaling isometrically, mass ∝ l3 and torque ∝ l3 (as both the
gap area and radius contribute to torque production), yield specific torque ∝ n0 in parallel. In series, the torque at
the end effector is the minimum of the torques in the chain (assuming constant link lengths), so at best ∝ n−1 . If
scaling is done according to gap radius, torque ∝ l3 but mass ∝ l2 resulting in specific force in parallel ∝ n−1 and
similarly in series ∝ n−2 .
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Table 1: Physical properties of the machines of interest
Robot

Legs

DoF

L (m)

M (kg)

Mot. (%)

G

Minitaur
Delta Hopper
Jerboa
MIT Cheetah
XRL
ATRIAS
StarlETH
Cheetah Cub
MIT Mini Cheetah

4
1
2
4
6
2
4
4
4

8
3
4
12
6
6
12
8
12

0.2
0.2
0.105
0.275
0.2
0.42
0.2
0.069
0.2

5
2.0
2.5
33
8
60
23
1
9

40
38
40
24
11
11
16
16
33

N/A
N/A
N/A
5.8
23
50
100
300
6(ab, hip), 9.3(knee)

2.5. Performance Metrics
The basic motor control electrical subsystem of the DD family is described in [55, Section V-A.3], stemming from work reported in [56]. Of additional relevance to this work
is the closed-loop control architecture, which, building on the brushless servo approach
of [57] is implemented using fixed-rate 1KHz 16-bit PWM control signals in a master–slave
layout. The central “computer” node (STM32F3 microcontroller at 72 MHz) has two communication lines to each motor, namely position (motor→computer) and desired voltage
(computer→node). We have found that this somewhat stark implementation has minimal
overhead for ease of implementation and re-iteration, and also ensures minimal closed-loop
latency (Section 4.1.3 and Figure 13).
For the 2–5 kg machines in this family, the duration of stance phase is on the order of 0.1
seconds, corresponding (roughly) to a spring-mass time constant of > 5 Hz for each stance
leg. This illustrates the importance of having good actuation performance at the time scales
depicted in Figure 13.
Table 1 provides physical properties and Table 2 performance measures for this family of
DD robots as well as examples of geared machines over a wide range of mass (1-60 kg).

5

5
Here, L is the mean leg length, Mot. is motor mass fraction, M the mass, and G the gear ratio.
For the MIT Cheetah (custom non-COTS motors), motor mass fraction was computed based on the high power
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Table 2: Performance measures of the machines of interest
Robot
vss (m/s, LL/s) αv (m/s)2 amcv [DD] (g)

CoT

Minitaur
Delta Hopper
Jerboa
MIT Cheetah
XRL
ATRIAS
StarlETH
Cheetah Cub
MIT Mini Cheetah

2.3
N/A
2.5
0.51
0.9
1.46
2.57
9.8
N/A

1.92, 9.6
N/A
1.52, 14.5
6, 21.8
1.54, 7.7
2.53, 6.00
0.7, 3.5
1.42, 20.8
2.45, 12.25

4.70
3.44
1.37
4.91
4.17
N/A
3.09
0.20
6.87

0.69
0.59
0.39
1.33 [−0.60]
1.14 [−0.91]
2.03 [−0.94]
0.37 [−0.99]
19.38 [−0.93]
0.89 [−0.80]

Figure 4: 48cm vertical jump of the Minitaur robot
Wherever possible, the maximum experimentally observed forward running steady velocity (vss ) of the robots of interest will be provided in m/s, and maximum leg length per
second (LL/s).
actuators only, as the motor mass of the “shape-change” (out of sagittal plane) motors is negligible in comparison,
the largest recoverable jump height was from direct correspondence with the author.
The XRL (Maxon EC45, 70W, 23:1) vss is actually XRHex data [18].
ATRIAS [46] (MF0150010 [58]) vss is from [59], and once again only the high power actuators are considered for
the mass fraction.
The StarlETH [60] (Maxon EC4-Pole, 200W, 100:1) jump height was taken from [31] by counting pixels in the
jump image since COM displacement was not reported.
The Kondo KRS2350 servos in the Cheetah Cub [48] were assumed to have 1/3 motor mass, and “stall torque”
was assumed to correspond to 100◦ C rise, and jump height was also determined from discussion with the author.
The Mini Cheetah data is taken from [3].
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2.5.1. Agility
Specific agility as defined in [61] represents the “mass-normalized change in extrinsic body
energy [during stance].” Motivated by tasks such as ledge ascent, this measure will be
restricted, in this context, to jumps that have a significant vertical component, denoted
vertical specific agility (αv ). Rotational and horizontal translational components of the
energy will be assumed negligible, such that

αv = hmax g,

(2.3)

where hmax is the maximal experimentally observed vertical jump height of the machine,
and g the gravitational constant.
This metric was subsequently extended as “vertical jumping agility” by Haldane [62] which
consists of the jump height multiplied by the maximum jumping frequency. With this
updated measure, the Minitaur is found to have the second best vertical jumping agility at
1.1 m/s (0.48 m jump height in 0.43 s), bested by the more specialist 0.1 kg Salto platform
which achieves 1.7 m/s (1.0 m jump height in 0.58 s).
2.5.2. Minimum Continuous Vertical Acceleration
Since specific force is the first limiting resource, a measure is necessary to understand
whether a given machine will even be able to support its own weight without thermal
damage to the actuators. The leg’s infinitesimal kinematics have significant influence; we
consider the minimum continuous vertical force that can be exerted by the machine, and
normalize by the gravitational force acting on its mass, then subtract one, yielding an
estimate of the minimal continuous vertical acceleration (amcv ):

amcv

τc nl
:=
mg



min Γv (q) − 1
q

(2.4)

whereby we assume that all legs have sufficient workspace for the links to be parallel. τc
denotes the thermally sustainable continuous torque (assumed to be a 100◦ C rise), and nl
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the number of legs that can push vertically. This dimensionless number will indicate whether
the machine will be able to support its own weight at any point in the leg’s workspace (≥ 0),
and represents the instantaneous vertical acceleration of the body in units of gravitational
constant. For comparisons with other machines, the measure is listed both as designed and
also as if the machine’s gearbox were removed.
2.5.3. Cost of Transport
The cost of transport (specific resistance [63, 64]) is computed using mean voltage (V )
and current (i):

CoT :=

Vi
M gvss

(2.5)

The family of DD machines in this thesis performs similarly or better in conventional measures compared to more established, geared, machines. The Minitaur robot has forward
m
running speed (vss ) of 1.92 m
s for a bound [65], and 0.8 s for a pronk, competitive for ma-

chines around its length scale, and its vertical jump height (represented by αv , and shown in
Figure 4) is the third best of all the machines considered. The specific resistance of the DD
robots is no worse than that of other machines of a similar scale (StarlETH and Cheetah
Cub), though the larger machines perform better (as expected [66]). The Minitaur robot has
proven to be a reasonably popular and robust research platform in both academia [67, 68]
and industry [69, 70].
The MIT Mini Cheetah also performs very well and uses nearly identical actuators to those
in the DD robots, but with 6:1 planetary gearboxes in each DoF and a 1.55:1 additional belt
reduction at the knee [3]. This modestly geared COTS motor strategy will be further discussed in Chapter 5. The true benefits of DD that fully exploit the increased proprioception
are explored in Chapter 4.
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CHAPTER 3 : Leg Design
The main contribution of this chapter is the comparative advantage of the symmetric fivebar leg design in direct drive and near direct drive machines which first appeared in [49] and
has since been adopted in other legged robots (in both 2 [2] and 3 DoF [1] configurations).
This linkage is found to be even more advantageous when used in the novel configuration
where the “knee” joint is allowed to ride above the “hip” joint, first outlined in [49]. While
viable commercial robots are not direct drive, some have low enough gear ratios [6] to benefit
from this analysis as well. The symmetric five bar scores better in all three infinitesimal
kinematic measures (proprioceptive sensitivity, minimum force, and thermal cost of force)
shown in Figure 6 than the broadly adopted open-chain and parallel five-bar designs, with
the only down side being the larger volume that the legs occupy in the sagittal plane.
Whereas most quadrupeds in academic and industrial settings employ legs with 3 DoF
[6, 13, 14, 32, 71], the abduction/adduction DoF can theoretically do no work in stance (if
the leg normal force intersects the axis of rotation) when walking or running in a straight
line on flat terrain. In practice, the abduction motors are often smaller than the others [6,19]
and are eliminated in machines with 2 DoF legs [56]. We therefore restrict our analysis to
the two higher power actuators for the leg kinematics.
Section 3.1 considers parallel springs as a means of reducing motor load for tasks that follow
a consistent loading profile and contrasts mechanical and electrical impedance control. In
Section 3.2 we present detailed kinematics analysis of three candidate 2 DoF legs (one a
typical RR configuration, and the other two 5-bar linkages of different proportions). Finally
in Section 3.3 we perform more detailed analysis of the most promising 2 DoF design with
and without a parallel spring, and continue the analysis with a vertical leap task.

3.1. Parallel Compliance
The actuator’s load can be made more even by placing a spring in parallel if the spring
can be sufficiently tuned to the dynamics of the task at hand. This also extends the time
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Figure 5: 2 DoF candidate leg designs
that the motor can be doing productive work not only by exerting force on the environment
in stance, but by additionally exerting force on the parallel spring in swing (or even in
preparation for a transient task).
In the DynoClimber [72] platform, a parallel spring was successfully used to decrease the
leg motor’s peak power requirement by a factor of two for a 0.66 m/s climbing task. The
Canid [29] platform was able to use a spine with a parallel spring to store 31% of the energy
in a transient leap, and a similar platform, Inu [73], was able to harness a parallel spring
for steady-state bounding at 1.25 m/s.
Further exploration on recruiting parallel compliance for a vertical jumping task is presented
in Section 3.2.

3.2. Kinematics
For 2 DoF legs, we compare a serial chain of two revolute joints (3.1), (denoted by “O”), a
parallelogram five-bar (3.2), (a linkage frequently used in DD robot arms [20], denoted by
“P”), and a symmetric five-bar (3.3), used in the Minitaur robot, detailed in [49] (denoted
by “S”). The Delta Hopper machine actually uses the 3-DoF generalization of the 2-DoF
symmetric five-bar employed in Minitaur1 .
1
The linkage in Minitaur consists of two RR chains closing at the toe, while the Delta Hopper linkage has three
RR chains that close at the toe. Assuming the same choice of link lengths, the leg kinematics in the two machines
are very similar, except that the Delta Hopper’s workspace is cut off at either extreme end of extension because the
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Given joint angles q := (θ1 , θ2 ) ∈ T 2 (see Figure 5), the forward kinematics for the three
candidate leg designs are




 l2 cos θ2 
,
gO (q) = R(θ1 ) 


l1 + l2 sin θ2

gP (q) = R(α1 ) l1 R(α2 )e1 + l2 R(α2 )T e1 ,


(3.1)

(3.2)


0


,
gS (q) = R(−α1 ) 


p
l1 cos α2 + l2 2 − l1 2 sin2 α2

(3.3)

where R : S 1 → SO(2) is a rotation matrix, ei denotes the ith standard basis vector, and
the α1 := (θ1 + θ2 )/2, α2 := (θ1 − θ2 )/2 coordinate change (for the parallel designs) enables
a helpful factoring of the forward kinematics in each case (cf. Appendix A.1).
Now, if J := Dq g is the Jacobian of the forward kinematics, g, the joint velocities q̇,
(Cartesian) toe velocity ṗ, joint torques τ , and toe force f satisfy

τ = J T f.

ṗ = J q̇,

(3.4)

Additionally, we define the vertical effective mechanical advantage, Γv : T 2 → R2 , as
Γv (q) := [ 0 1 ] J(q)−T .

(3.5)

We compute the singular values of J, σi , and then consider standard manipulability measures [74] for each of the candidate mechanism designs. In each case the workspace is
generically an annulus, in that it is fully defined by rmin (the minimum radius) and rmax
(the maximum radius). In each of the following subsections, we have fixed a constant rmax ,
and plotted a relevant measure over two axes:
actuators cannot be made coaxial.
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Figure 6: In each of the subfigures (rows) the first column shows the workspace averaged
measure of the particular function of singular values, σ, plotted against the ratio of minimal
to maximal leg radius, δ. The remaining three columns provide a more detailed view of the
particular σ as a function of both δ and leg extension. A: Leg Jacobian minimum singular
values: higher values yield greater proprioceptive sensitivity. B: Leg Jacobian maximum
singular values: lower values indicate better minimum force production. C: Leg Jacobian
mean singular values: lower values indicate smaller thermal cost of producing force. In each
figure, the vertical dashed line indicates the linkage used in the Minitaur leg.
a) the design space, δ :=

rmin
rmax ,

where rmin = |l1 − l2 |, rmax = l1 + l2 and

b) the workspace variable, y representing the radial extension of the leg.2
Proprioceptive Sensitivity: σmin := mini σi
This measure indicates the minimal speed of the toe in any direction for given motor angular
velocities [74], shown in Figure 6-A. More importantly in our problem domain, a very small
2

We show in Appendix A.1 that each of these measures is invariant to the leg angle, making the extension the
only relevant workspace parameter.
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σmin indicates that some forces at the toe are barely visible to the motor,
2
min τ T τ = min f T JJ T f = σmin
,

kf k=1

(3.6)

kf k=1

and so higher values of σmin are favorable (cf. Appendix A.2-1). From Figure 6-A, the two
parallel mechanisms have better proprioception through a larger portion of their workspace.
Force Production: σmax := maxi σi
At non-singular configurations, this measure indicates the worst case force at the end effector
for bounded motor torque,
min f T f = min τ T J −1 J −T τ =

kτ k=1

kτ k=1

1
2
σmax

.

(3.7)

(cf. Appendix A.2-2) Intuitively, this expresses the degree to which an arbitrary external
force can be resisted by the (torque-limited) actuators, and so lower values of σmax are
favorable. As shown in Figure 6-B, the symmetric five-bar does consistently better than
the other two mechanisms, in spite of displaying a greater variation over its workspace.
Thermal Cost of Force: σmean :=
Fixing the motor constant, Km = 1

1
n

trace(JJ T )

Nm
√
,
W

the thermal cost of force production is a function

of the infinitesimal kinematics [20, pg. 55], given in

Nm
W .

As shown in Figure 6-C (note

that this measure is also leg-angle-invariant; cf. Appendix A.2-3), the symmetric five-bar
has superior design-averaged performance compared to the parallelogram five-bar and series
linkages.

3.3. Kinematics for Vertical Leap Task
Given the promising performance of the symmetric five bar in Section 3.2, we consider
it in more detail in the context of a common dynamic task in legged locomotion: the
vertical leap. Because the design is being evaluated in the context of a single task, we also
include an optional parallel spring and quantify its ability to improve task performance by
augmenting the motors’ force production. We then present results from both numerical
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Figure 7: Physical machine with emphasis on leg kinematics and annotated model
work and physical experiments on a hopping robot.
During stance, kinetic energy must be transduced by the motor, from stored chemical
potential energy into kinetic energy in the body. This kinetic energy should then be retained
by minimizing losses and harvesting from stride to stride to improve efficiency and boost
peak energy. In summary, solutions to this problem of dynamical energy management can
be judged according to three quantitative criteria of merit:
1. effective conversion from chemical to mechanical energy
2. mitigation of collision losses
3. harvest of energy from stride to stride
These thematically distinct but parametrically intertwined measures will now be evaluated
in the context of the model described below using both numerical simulations and experiments conducted on the physical machine shown on the left of Figure 7.
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Table 3: Physical properties of the prototype
Symbol Value
Parameter
M
1.85 kg
Mass
Motor Inertia
J
10−4 kgm2
τmax
6.3 Nm
Motor Stall Torque
Motor No-Load Speed θ̇nl
84 rad
s
Link 1 Length
l1
0.1 m
Link 2 Length
l2
0.2 m

3.3.1. Model
The model contains a point mass, M , motors with inertia, J, and a massless leg with two
pairs of rigid links of length l1 and l2 . Each motor is connected between l1 and the body and
they are coaxial and mirrored, resulting in angles θ1 (clockwise positive) and θ2 (counterclockwise positive). For convenience, the motor angles will be expressed in difference and
mean coordinates.
Radial Leg Kinematics
The individual motor angles (θ1 ,θ2 ) expressed in the world frame are mapped to difference
and mean coordinates according to:

 

 





 

1 1 
α
θ1 
π 
 q, q :=  
 = F1 (q) :=   + 1 
a := 

 
 
  2
1 −1
β
θ2
0

(3.8)

We will find it convenient to work in abstract polar coordinates

 





α

α




p := 

  = F2 (a) := p
2
2
l2 − (l1 sin β) − l1 cos β
r
as well as cartesian coordinates
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(3.9)









 r sin α 
x1 

 = F3 (p) := 
x := 


 
−r cos α
x2

(3.10)

.
Since we are primarily concerned with vertical hopping, the radial coordinate, r, and the
the radial infinitesimal kinematics of the leg linkage:

Eleg,r :=

∂β
=
∂r

r2 − l12 + l22
r
l4 +(l2 −r2 )2 −2l2 (l2 +r2 )
r2 l1 − 1 2 l2 r2 1 2

(3.11)

1

can now be composed with the gear ratio, to express the infinitesimal map from either
motor shaft output torque to radial toe force

Etot,r (r) :=

∂θ ∂β
= Em Eleg,r (r)
∂β ∂r

(3.12)

.
Accounting for this composition constitutes a necessary but frequently neglected modeling
step, as the motor gear ratio (Em ) and leg EMA (Eleg,r ) are typically considered to be two
different domains of design [75, 76].
Unconventional Operating Region
Following the more generic discussion of kinematic parameters, an important distinction
between our study and the convention in recent locomotion literature arises from the choice
of joint limits, β ∈ [β0 , π]. The recent literature assumes β0 = π/2 [48, 60, 77, 78], whereas
we will allow the links to travel twice the range by setting β0 := 0.
Since the mechanism’s work against gravity is a function of the physical length traveled, we
find it convenient to normalize the link lengths as a function of β0 , relative to the constraint
of fixing the maximal and minimal range of toe extension, respectively, rmax := F22 (π) =
25

Figure 8: Eleg,r for r ∈ [r0 , r0 + r], defined in Equation 3.12, and indexed by operating point
r0 detailed below.
l1 + l2 and rmin := F22 (β0 ) (where F22 denotes the second component of F2 ). The two
extreme examples of the portion of Eleg,r exposed by choice of r0 are depicted in Figure 8.
Observe that the single condition where β0 =

π
2

implies rmin = 0.2m represents conventional

leg kinematics as it is the only region (in red) that exists entirely inside β ∈ [π/2, π].
Equations of Motion
The system’s kinetic energy during a vertical hop (α = π or x = 0 so r and y are equivalent)
can be expressed as

1
1
T = M ṙ2 + J(Etot,r (r)ṙ)2
2
2
and potential energy
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(3.13)

Figure 9: Normalized motor and spring forces at the toe. Two specific values of r0 are
highlighted to emphasize the difference in available spring potential (shaded areas under
spring forces) subject to the constraints of Task 3.
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1
V = M gr + k(r0 − r)2
2

(3.14)

The Lagrangian can then be calculated according to L = T − V . The only external forces
are due to the motor. We now assume that the motor will be operated at constant terminal
voltage, v, which implies that the motor shaft output follows a typical speed-torque [75]
curve:

τ = τmax −

where θ̇nl = Kv v and τmax =

i
Kv .

τmax
θ̇
θ̇nl

(3.15)

Kv is the motor speed constant, and v and i are the supply

voltage and current respectively (which we assume are algebraically related in consequence
of vanishingly faster electrical time constants due to negligible inductance). The external
force on the body exerted by the motor is

Fext = Etot,r (r)(τmax −

Etot,r (r)τmax
θ̇nl

ṙ)

(3.16)

and the equations of motion in stance can be written out by expanding the Euler-Lagrange
operator,

d ∂L ∂L
−
= Fext
dt ∂ ṙ
∂r

(3.17)

The three design criteria introduced at the beginning of Section 3.3 will now be considered
with the model to formalize the three task specifications as distinct constrained optimization
problems. The findings of this numerical study will then be compared to results from
performing similar tasks on the physical machine.
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Figure 10: Task 1: energy that the actuator is able to load into the body through a
sweep parameterized by r0 . The experimental data is from a direct drive setup, and the
simulation is shown for both direct drive (Em = 1) and the optimal gear ratio for each
∗ ). Further explanation of the differences between the simulations
starting point (Em = Em
and the experiments are included in 3.3.5, but the trend for optimal r0 is preserved.
3.3.2. Effective Conversion to Mechanical Energy
Figure 8 depicts the distinctly different Eleg,r profiles achievable by choice of operating
point, r0 , yielding an effective mechanical advantage that is, qualitatively speaking, either
monotonically decreasing, unimodal, or monotonically increasing as r0 is varied. The central
object of study in this work is the consequent modulation of the ground reaction force felt
at the motor over the course of this radial travel, with the goal of allowing it to operate in
a higher power regime, thereby resulting in greater work performed. However, the closed
loop dynamics is a highly nonlinear dissipative second order system for which no closed form
solutions can be expected, hence we resort to numerical analysis, followed by experiments.
The integral corresponding to the motor’s output energy is obtained by integrating the
external force due to the motor from nadir to liftoff:

LO
ηN

r0 +r
Z travel

Etot,r (r)(τmax −

=
r0
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Etot,r (r)τmax ṙ
θ̇nl

)dr

(3.18)

Figure 11: Task 2: collision efficiency due to losses at touchdown. The experimental data
is from a direct drive machine with non-rigid acetal linkage arms, while the simulation is a
∗ from task 1, because otherwise E = 0
purely plastic rigid body collision with Em = Em
m
would be optimal for this task. The differences are further described in 3.3.5 but the r0
trend is preserved.

30

Figure 12: Task 3: energy that can be stored in the parallel spring through the kinematic
range parameterized by r0 . The experimental setup is direct drive with a fixed spring
stiffness, while the simulation selects the optimal spring stiffness for each value of r0 , and
∗ from task 1, because otherwise E
Em = Em
m = ∞ would be optimal for this task. The
differences are further described in 3.3.5 but the r0 trend is preserved.
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while ensuring r00 (t) ≥ 0

m
.
s2

The first dynamic task specification can now be formalized as

the optimization of this equation with respect to the operating point, r0 , and gearing, Em .
The liftoff energy is monotonic with spring constant, k, since the leg starts in a crouched
position with the spring compressed a fixed length. The spring constant is therefore fixed
at k = 0 (worst case scenario) since this represents the circumstances at which getting
kinetic energy from the motor is most critical. For the physical parameters listed in Table
LO = 7.86J at r ∗ = 0.103m and
3, numerical optimization results in optimal ηN
01

∗
Em
= 2.2

(3.19)

shown in Tables 4 and 5 as well as in Figure 10. While we show simulation data for both
∗ will now fix the gearing in simulation at E ∗ because
Em = 1 (direct drive) and Em = Em
m

the final two objectives turn out to be insensitive to it, as further discussed below.
3.3.3. Mitigation of Collision Losses
While this system is only considered during a single stance event, the inclusion of a TDstate (the instant before touchdown) means that collisions (due to instantaneous changes
in motor velocity) can be modeled. The system is assumed to collide plastically with the
ground at touchdown, and the energy lost to this collision can be calculated with a simple
momentum balance. Tloss , a function of the pre-collision energy, T − , is:

Tloss = γT −

(3.20)

where γ is the collision efficiency:

γ :=

2
JEtot,r
|r=r0 +ttravel
2
M + JEtot,r |r=r0 +rtravel

(3.21)

This quantity can be optimized analytically using the expression for Etot,r derived in Equa-
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tion 3.12. Observe that the spring constant, k, does not appear in this equation because
the collision it represents is being modeled as an impulse. Observe, as well, that γ is degenerate in the sense that

∂α
∂Em

> 0 so that the extremum with respect to r0 is Em invariant3 .

The result of the numerical study, shown in Figure 11, is a new optimal r0∗ = 0.115m and
∗ = 2.2 from the previous task.
γ = 0.976 using Em

3.3.4. Energy Harvest from Stride to Stride
After touchdown, the parallel spring can be used to harvest the remaining kinetic energy
from flight and store it temporarily in strain. Additionally, the motor can be used to do
work on the spring from T D+ to nadir. The third task then seeks to maximize the spring’s
strain energy from T D+ to nadir4 :

ηTND =

nadir
Z

Etot,r (r)(τmax −
T D+

Etot,r (r)τmax ṙ
θ̇nl

)dr

(3.22)

which is actually evaluated from r0 + rtravel to r0 since solutions that do not use the whole
interval can be shown to be suboptimal. A further condition is imposed such that the motor
is always able to overpower the spring:

Etot,r (r)τmax > k(r − r0 ), ∀r ∈ (r0 , r0 + rtravel )

(3.23)

This condition can be shown visually in Figure 9 in which a constant torque from the
actuator, resulting in a r-dependent force due to the leg kinematics, restricts the upper
bound of spring stiffness (shown for the two examples, r0 = 0.1m and r0 = 0.2m).
∗ = 2.2, numerical optimization
For the physical parameters listed in Table 6, and Em = Em
∗ =
of Equation 3.22 while ensuring Equation 3.23 results in maximal ηTND = 7.825J at r03
3

2
2
This can be seen directly by observing that γ is monotone in Etot,r
, which, in turn, is monotone in Em
.
∂γ
∗
∗
In consequence, the solution to ∂r0 = 0 occurs along the entire “ridge” (r0 , Em ) where r0 = 0.115m.
4
The kinetic energy remaining from flight is ignored, but if the spring is selected for maximal energy
storage, some harvested energy can be traded for battery energy from the motor.
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Task 1
Task 2
Task 3

Task 1
Task 2
Task 3

Simulation
r0∗ (m)

Table 4: Selected design parameters
Experiment
∗
∗
k (N/m) Em r0∗ (m)
k(N/m)

0.103
0.115
0.1

0
invariant
1565

Simulation
r0 = r0∗

Table 5: Task performance
Experiment
r0 = 0.2m r0 = r0∗
r0 = 0.2m

Full

7.86 J
0.976
7.825 J

3.9 J
0
3.15 J

6.48 J
n/a
n/a

2.2
n/a
n/a

0.1
0.11
0.1

4.90 J
0.166
3.15 J

0
0
875

3.05 J
0.034
0.75 J

0.1m and k ∗ = 1565N/m, shown in Table 4 and 5.
3.3.5. Discussion of Experimental Results
For each task, experiments are performed on the physical machine shown in Figure 7,
with steps of 0.01m throughout the range of r0 . For each value of r0 , five trials were
performed, and data was collected through an instrumented vertical rail. In each task,
the trend of the experimental results matches that of the numerical simulation, and slight
variations in methodology (which will be detailed below) explain some of the inconsistencies
in magnitude. The objective of showing both simulation and experimental results is to
highlight the advantages of this novel leg design for a range of actuator gearing and spring
stiffness, rather that trying to show perfect agreement between the two since they are
run using different parameters. For convenience, all experiments are performed with the
actuators (T-Motor U8-16) in direct drive (Em = 1) with custom motor controllers [55]
Effective Conversion to Mechanical Energy
The robot initially uses position control to get to the desired value of r0 . Both motors are
then driven with a constant voltage source (15V) until the leg passes r0 + rtravel at which
point the motor terminals are left open. The jump energy is computed according to the
apex height of the physical machine. The simulation trials are run both with Em = 1 (direct
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∗ (optimal gear ratio selected in each trial) and are fixed with a
drive) and with Em = Em

τmax corresponding to 30A to account for saturation effects [55]. The major discrepancy
in experiment compared to simulation is an overall decrease in jump energy attributed to
viscous losses due to the rail in both stance and swing, since energy is only recorded at
apex.
Mitigation of Collision Losses
The robot uses position control to servo the toe to touchdown length (r = r0 + rtravel )
and is then dropped from a fixed height (0.7m). Throughout stance, the position controller
acts as a virtual spring, harvesting the energy left at TD+ and causing the robot to jump,
thereby reaching a recorded apex height (with the desired position held constant throughout
the trial). The potential energy at this second apex height is recorded, and the quotient
represents the efficiency of the harvest. In distinction to the numerical setting, it is not
experimentally possible to isolate losses due only to instantaneous velocity changes in the
motor. Therefore other losses due to:
1. plastic collision of the toe and leg links
2. velocity estimation error right before/after touchdown
3. viscous effects in the vertical rail
all contribute to a value of γ found experimentally, that is significantly smaller than the
value found numerically. The trend with respect to r0 , however, is preserved.
Energy Harvest from Stride to Stride
The parallel spring of stiffness k is added such that the rest length of the spring corresponds
to r0 . The actuators are then driven with a constant voltage source (15V), and the equi2
, is then computed based on the
librium position is recorded. The spring energy, 21 krtravel

assumption that the conventional coiled spring has constant stiffness, k. A key difference
between the experimental and numerical work is that k is held constant across trials in the
physical machine. Softer springs could be used to improve the energy storage for r0 6= 0.1,
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but since the displacement is fixed, the energy storage would necessarily be lower than the
case when r0 = 0.1m. The results of these experiments and the simulation are shown in
Fig. 12.
A summary of the results from optimizing the individual tasks is presented in Table 5. While
the three parameters of interest initially appear to be overconstrained by their participation
in these potentially conflicting multiple objectives, further analysis suggests that Em and
k can be reasonably decoupled (optimized once) while the intrinsically coupled effects of
the kinematics, Eleg,r (indexed by r0 ) turn out to play a synergistic role across all three
objectives. Experimental results broadly align with numerical predictions, particularly with
respect to leg kinematics. In summary, we have shown more favorable performance under
three energetically motivated tasks when the effective mechanical advantage is monotonically decreasing with r0 , made possible by the “knee” riding above the “hip” joint.
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CHAPTER 4 : Actuator Design for Proprioception
In the field of haptics, conditions for mechanical transparency [79] entail such qualities
as “solid virtual objects must feel stiff” and “free space must feel free” [80], suggesting
that a suitable actuator is able both to do work and readily have work done on it. In
this context, seeking actuator transparency has come to mean a preference for minimal
dynamics [81] or no impedance [82]. While such general notions seem satisfactory for a
haptic interface, actuators with good mechanical transparency are now being used in highperformance robots [34, 71] such that they must still be able to do work. But they are now
also expected to perceive their environment by processing signals related to contact forces in
the leg or manipulator when an explicit force sensor is not present. As robotics researchers
develop models [83] suitable for programming behaviors that require systematic making
and breaking of contact within the environments on which they perform work, actuators
must be capable of: (a) generating the high forces at speed needed to accelerate the body
during locomotion [71]; (b) robustness to high forces and impacts during locomotion [10]; (c)
perceiving high force events quickly, such as touchdown in stance [84]; (d) perceiving contact
quickly without exerting significant force on the object, such as in gentle manipulation [85];
and (e) reacting quickly during time-sensitive behaviors [12].
The primary contribution of this chapter is an empirical comparison of three actuators (consisting of a BLDC motor and planetary gearbox) that achieve roughly the same continuous
torque through three very different reduction ratios (1:1, 4.3:1, 51:1). These actuators (plus
a fourth actuator consisting of the DD motor and 4.3:1 gearbox as an alternate comparison) are used in a dynamic feel-cage task that consists of making contact and then reacting
quickly (representative of real-world dynamic tasks like door opening or stair climbing).
In Section 4.1 the physical properties of the actuators are characterized, and a model is
presented as a means to derive information from the environment. Section 4.2 compares
the selected actuators’ ability to perform work, and Section 4.3 compares their ability to
acquire information. A simple contact detection experiment is used as an empirical means
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of characterizing the actuators’ transparency in Section 4.4, and a more complex task is
presented in Section 4.5 that requires both sensitivity and high bandwidth. Finally, the
role of transparency in more advanced behaviors is explored in Section 4.6. This work on
the design of proprioceptive actuators was first published in [86].
The takeaway from the feel-cage task is that the direct-drive actuator is able to proprioceptively “feel” and then swing around to “cage” a 50g rubber ball on a track before it rolls
out of the workspace, which can be “felt” but not caught in time by the 4.3:1 actuator and
is not perceived at all by the 51:1 system. Other means of acquiring information from the
environment using an explicit force sensor or the deflection of a SEA requires more analysis
and experimentation, and is reserved for Chapter 5.

4.1. Actuator and Estimator Models
We quantify four sensorimotor subsystems consisting of an actuator and drive electronics
with position sensor [55] built using four actuators denoted U10DD, EC60, T2822, and
U10GB, as shown in Table 6. These actuators, offering roughly the same thermally allowable
continuous torque, are chosen as representatives of distinctly different robot motor sizing
strategies. The T2822 has significant gear reduction (51.24:1) similar to [33, 78] which
provides the benefit of increased mass-specific torque and reduced Joule heating at the
cost of decreased transparency. The EC60 has a very modest (4.33:1) planetary gearbox, a
strategy also employed by the MIT Cheetah [71] and Hermes [87] machines. The U10DD
represents the DD strategy employed in manipulators [20] and the legged machines described
in Chapter 2. Our final comparison abandons the uniform continuous torque constraint to
explore directly the decreased transparency caused by fitting a small gear reduction (4.33:1)
gearbox to a U10.
4.1.1. Transparency Measures
The reflected inertia of the Maxon EC-45 is reported in [38] and then scaled by the gear
ratio (23:1 in this case) squared. The T-Motor U8’s rotor inertia is over-estimated by
assuming that the full mass of the rotor is located in an annular ring bound by the outer
and gap radii. The static friction (“stiction”) of the two actuators is found by attaching
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Table 6: Motor properties
U10GB4
Properties
U10DD1
EC602
T28223
Physical Properties
Absolute Reduction
N/A
13/3
17576/343
13/3
Backlash (deg)
0.0
0.6
1.0
0.6
Mass m (kg)
0.405
0.730
0.251
0.865
Performing Work
Max Continuous Torque τc (Nm)
2.36
1.21
2.12
10.22
√
Motor Constant km (Nm/ W)
0.285
0.370
0.617
1.236
√
km /m (Nm/ W · kg)
0.705
0.506
2.56
1.430
5.77
Nominal Speed νn (rev/s)
25.00
18.06
8.99
Peak Torque τp (Nm)
8.05
12.35∗
11.44
35.3∗
Max Continuous Power Pc (W )
92.60
34.29
29.96
92.60
Information Acquisition
Reflected Inertia Jr (kg · m2 )
4.47 × 10−4
2.27 × 10−3
3.02 × 10−3
8.39×10−3
Static Friction τs (Nm)
0.075
0.061
0.222
0.347
Coulomb Friction τcoul (Nm)
0.032
0.026
0.114
0.253
Viscous bv (Nm/(rad/s))
0.099
0.153
0.835
1.890
1 T-Motor U10 (direct-drive) [34] 2 Maxon EC60 Flat with Maxon GP42C (1-stage gearbox, 4.33:1) 3 Turnigy SK3
2822 with Maxon GP32HP (3-stage gearbox, 51.24:1) 4 T-Motor U10 with GP52C (1-stage gearbox, 4.33:1) ∗ Torque
exceeds gearbox rating

25mm radius pulleys onto the output shafts, and adding mass until there is movement.
Using the same pulleys, varying masses are attached and allowed to fall for 2m, accelerating
the motors. This time series data is fit to a first-order system and the steady speed is
extracted in each trial. This experiment is performed at five different steady speeds for
rad
each motor (10-200 rad
s for the U8 and 5-20 s for the EC45) resulting in a strong affine fit

(coefficient of determination > 0.995), where the vertical axis intercept and slope are the
kinetic (“Coulomb” or “dry”) and viscous (“Rayleigh” or “damping”) friction coefficients,
respectively.
In each of the three measures shown in Table 7, the DD actuator (U10) fared significantly
better than the conventional geared alternative (EC-45, 23:1), representing a 96x decrease
in reflected inertia, 3.89x decrease in static friction, 3.83x decrease in kinetic friction, and
54.6x decrease in viscous drag. This comes at the price of a 2.5x decrease in continuous
torque and a 5.39x decrease in peak specific torque. We leave the larger issues of this tradeoff to the existing analysis in the prior DD robotics literature [20] because we believe the
cost/benefit relationships are general to the field whereas we are specifically focused here
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Table 7: Comparison of specific conventional and DD actuators
EC45-70W, 23:1

U8

Mass (kg)
Kv ( Vrev
sec )
Continuous Torque (Nm)
Peak Torque (Nm)
Max Continuous Power @15V (W)
Reflected Inertia (kgm2 )
Static Friction (Nm)
Kinetic Friction (Nm)
Nm
Viscous Friction ( rad/s
)

0.35
0.188
2.95
18.86
12.18
0.0096
0.218
0.088
0.0071

0.25
1.67
0.855
3.5
35.63
0.0001
0.056
0.023
0.00013

Backlash (deg)

0.8

0

simply on the achievability of DD design for legged locomotion.
4.1.2. Reflected Inertia Invariance
If motors are scaled by varying gap radius, r, then torque ∝ r2 and inertia ∝ r3 , and so
torque/inertia ∝

1
r.

If the motors are scaled isometrically, inertia goes ∝ r4 , and torque

∝ r3 , so once again torque/inertia is ∝ 1r . Considering a gearbox with gear ratio G, torque
goes ∝ G, reflected inertia ∝ G2 , and so torque/inertia ∝

1
G.

In both cases, to increase

torque (either by choosing a motor with a larger gap radius, or by increasing the gear ratio)
the price in terms of increased reflected inertia is the same, giving no advantage to minimal
gear ratio or even DD.
4.1.3. Actuation Bandwidth
Actuation bandwidth between the two motors of interest (EC45 23:1, and U8) was explored
by connecting the motors to a power supply at 12V, and limited to their thermally sustainable currents representing a 100◦ C rise in steady state (3.25A and 9A respectively). The
motors were then commanded open-loop sinusoidal voltages at various frequencies, and the
amplitude of the output shaft of the motor (in revolutions) was recorded. The U8s performed significantly better at this bandwidth measure, rotating on average 17.4x more than
the geared EC45s, as shown in Figure 13.
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Figure 13: Bode plot of amplitude response (in revolutions) to sinusoidal voltage input at
various frequencies.

4.2. Properties Related to Performing Work
Table 6 shows some useful criteria when choosing which motor to perform work. The
√
motor constant, km [20] is found by the equation km = (kv Rm )−1 , where kv ( rad/s
V ) is
the motor velocity constant and Rm is the motor phase to phase resistance. km is winding
invariant and captures the key trade-off between torque required to work and wasteful Joule
heating; for example note the substantial increase in km relative to U10DD manifesting the
greater thermal efficiency resulting from the addition of the gearbox in U10GB. km /m
is the mass-normalized motor constant, reflecting the importance of mass budgeting for
dynamic machines. Nominal speed νn is calculated at an input voltage of Vin = 15V but
is not winding invariant; thus this is of limited utility when comparing actuators. The
maximum continuous torque is experimentally found by τc = kτ ic , where kτ ( Nm
A ) is the
motor torque constant and ic is the maximum continuous current, at which the maximum
winding temperature reaches 125◦ C. As shown in Table 6, the maximum continuous torque
value of the first three actuators are similar enough for our purpose of comparison. Peak
torque is also measured experimentally, where stall torque and corresponding motor current
i under different PWM duty cycle are measured and fit to the nonlinear torque-current
model, τ (i) = τp − c1 e−c2 i , to get the peak torque τp . Note that the peak torque of EC60
and U10GB exceeds the peak torque rating of their gearboxes, an important consideration
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for both dynamic maneuvers and long-term wear. Maximum continuous power is calculated
at the half point of the motor speed-torque curve, that is, Pc = 41 τc νn .

4.3. Properties Related to Information Acquisition
Whereas backlash and various frictions all impede backdrivability, reflected inertia is the
most critical property to control when designing transparent actuators. With a higher
reflected inertia, the actuator is more slowly accelerated by reaction torque from the environment, incurring a longer response time. The inertia of the motors Jm and gearbox
Jg are found in the Maxon catalog [16] or by creating detailed CAD of the rotor. The
reflected inertia of a system with a gearbox is calculated as Jr = Jm Gr2 + Jg , where Gr is
the absolute reduction. Both static friction and backlash act as thresholds for information
acquisition since the actuator senses nothing until the torque or deflection (respectively)
exceeds a threshold. For the purposes of this work we measure static friction τs by hanging
incremental weights off a 0.05m pulley until the motor starts to turn. By collecting terminal
velocities from this mass-hanging task with different hanging masses, the remaining first
order (constant and linear) terms characterizing general motor drag τdrag can be fitted as
τdrag = βν θ̇ + τcoul , as shown in Table 6. For each actuator, there is a very strong linear
fit (r2 ≥ 0.999). The viscous damping coefficient bv is a collective effect from mechanical
Rayleigh damping and the drag-like effect generated from the back emf of the electricalmagnetic motor (the motor controllers are performing sinusoidal voltage control; this term
does not exist with ideal current control.) It is clear that bv would contribute more to the
energy dissipation as τdrag ≈ bv θ̇, and it would require more energy for a system with larger
bv to acquire information. Table 6 shows that with the addition of gearboxes, bv increases,
thus it would require more energy input to the actuator when acquiring information with a
gearbox.
We seek to characterize an actuator’s ability to estimate torque using a very simple model
that depends only on position and ignores all the terms associated with velocity and acceleration, that would require additional sensing or estimation. Assuming a simple DC
motor model [16] with negligible inductance, V = im Rm + Gke θ̇, where V is the motor
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v
voltage command, im the current in the motor windings, ke ( rad/s
) the motor back-emf con-

stant and Gθ̇ the motor shaft velocity. Consider a general impedance controller with the
v
v
) are the proportional and
form V = ks∗ (θd − θa ) + kd∗ (θ̇d − θ˙a ), where ks∗ ( rad
) and kd∗ ( rad/s

derivative gains respectively. The lowercase “d” and “a” of the motor shaft angle θ and its
velocity θ̇ correspond to the desired and actual readings. The output torque of the actuator
is estimated as being proportional to the winding current and scaled by the gear ratio G,
τ̂ = Gkτ im , where kτ ( N·m
A ) is the motor torque constant. The estimated torque is
e θ̇a
=
τ̂ = Gkτ im = Gkτ V −Gk
Rm

Gkτ
Rm V

−

G2 kτ ke
Rm θ̇a

= ks (θd − θa ) + kd (θ̇d − θ˙a ) − β θ˙a ,

where ks =

ks∗ kτ G N·m
Rm ( rad ),

kd =

generalized damper, and β =

kd∗ kτ G N·m
Rm ( rad/s )

G2 kτ ke N·m
Rm ( rad/s )

are the virtual spring constant and the virtual
can be viewed as the generalized electromechani-

cal drag. Since deriving velocity from position measurements requires some filtering, torque
estimation schemes using velocity will inevitably introduce signal delay, further slowing response time. By setting kd = 0 and assuming β θ̇ to be small, the estimate is now much
simpler,
τ̂ = ks (θd − θa ),

(4.1)

yet still accurate enough to be useful in demanding applications of the sort we target, such
as [84]. Indeed, this is the same approach as used with series-elastic actuators, except the
spring is virtual instead of physical.

4.4. Contact Detection Experiment
To quantify the ability of the motor to acquire information, a contact detection experiment
is introduced, where the true contact force measured by a load cell and the estimated contact
force acquired from the motor’s reading are recorded as well as the detection delay tr and
the energy loss ∆E.
We now introduce our proposed transparency measure by relating detection delay, tr , to
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the collision energy required for contact detection. A contact detection experiment was
performed for all the actuators, wherein a shuttle of known mass ms installed on an instrumented linear rail is dropped from various heights onto the end of an aluminum link fixed
to the actuator output shaft (with overall inertia Jm , arm length r, and actuator angle θ),
as shown in Figure 14a. The actuator was commanded with impedance (ks = 2.0
kd = 0

N·m
rad/s ).

N·m
rad ,

A load cell, sampled at 10kHz with a DAQ (NI USB-6210), was mounted on

a shuttle of known mass ms (0.54kg for U10DD and EC60, 0.71kg for T2822 and U10GB).
The shuttle was dropped from various heights within the range of 0.03m to 1.1m onto a
0.1m actuator arm. The true contact time tt was recorded when the shuttle hit the actuator
arm and the measured force Fµ from the load cell exceeded a threshold of 1N · m. A linear
potentiometer, sampled at 10kHz, was attached to the shuttle to record the drop distance,
2 ,
which was then used to specify its velocity, vs,t , and, in turn, its kinetic energy, T = 21 ms vs,t

at the time of collision, tt . When the encoder position error reached a threshold of 0.1rad,
chosen by slightly exceeding the deflection of the virtual spring necessary to overcome the
actuator with the largest static friction, the time was recorded as the estimated contact te ,
the velocity of the shuttle mass was marked as νs,e , and the estimated contact force Fest
was found through Equation (4.1) and the linkage length, r. The motor controller outputs
the motor’s position at 1kHz, which is synchronized with the DAQ using a digital signal.
The detection delay time of the actuator tr is computed as tr = te − tt , and is recorded in
each trial in addition to T , Fµ , the load cell reading, and Fest as shown in Figure 14b.
Assuming an instantaneous event, we model impact as an inelastic collision between the
mass and the actuator arm51 . The velocity of the shuttle before the contact is νs,t and
the angular velocity of the mass and the actuator after the collision is ωc =

ms rνs,t
Jm +ms r2

[88].

The dynamics after contact can be modeled using the estimated torque from Equation (4.1)
(with the desired position θd = 0 and the actual position θa = θ), τ̂ = −ks θ, and the motor
15

This was observed literally in experiments with the more backdrivable actuators; for the highly geared cases
(where some repeated bouncing was observed), if contact is not detected on the first collision, it will not be detected
in subsequent collision as the first collision necessarily dissipates some energy.
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Figure 14: (a) Setup for the contact detection experiment. (b) Single trial of the contact
detection experiments. The green and red vertical lines mark, respectively tt , and te , while
the blue and yellow dots plot, respectively, Fµ and Fest . The linkage length, r, is 0.1m.
general drag τdrag = βν θ̇ + τcoul as
(Jm + ms r2 )θ̈ = −ks θ − βν θ̇ − τcoul ,

(4.2)

with the initial condition θ(0) = 0, θ̇(0) = ωc and has the solution

θ(t) = e

where ∆ =

−t(βν +∆)
s ωc
2J
( −τ (βν −∆)−2Jk
)
2ks ∆

+e

−t(βν −∆)
s ωc
2J
( −τ (βν +∆)+2Jk
)
2ks ∆

−

τcoul
ks ,

(4.3)

p
βν2 − 4ks (Jm + ms r2 ). As shown in Figure 14 all these cases represent the

condition in which the system is underdamped, so ∆ is a complex number. The trajectories
resulting from varied impact velocities, νs,t , are solved for until |θ(t)| ≥ 0.1rad at time t
te := tt + tr . With the assumption of inelastic collision, the angular velocity of the shuttle
mass and the actuator at the detected time is θ̇(te ), and the velocity of the shuttle mass
is νs,e = θ̇(te )r. Results of the contact detection experiment and the simulation model are
shown in Figure 15.
Figure 15a shows detection delay tr as a function of collision energy. The experimental
results (dots) match well with the numerical simulation from the model (solid curves).
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Figure 15: (a) Detection delay, tr , as a function of collision energy, T . (b) Energy Loss,
∆E, as a function of collision energy, T . The dotted and solid traces plot, respectively, the
experimental data and the modeled predictions.
From the energy-detection delay curve for each actuator, we can see that it takes more time
for the actuator to detect contact when the collision energy is smaller. Because some of
the energy transferred to the actuator at the time of collision is converted into motor shaft
kinetic energy, it takes more time to rotate the actuator with less energy. However, if the
collision results in a force insufficient to overcome the actuator friction then the shaft will
not move, precluding any possibility of contact detection, and this accounts for the vertical
asymptote of these curves at very low energies. Figure 15a also shows that when a motor
is equipped with a gearbox, more energy is required to trigger contact detection.
For the actuator to detect contact, there must be enough energy to back-drive the actuator
and overcome the frictions, in addition to any Joule heating. This energy can be measured
as the energy loss ∆E in kinetic energy of the shuttle during the detection delay, or
1
2
2
∆E = ms (νs,t
− νs,e
).
2

(4.4)

Figure 15b shows the energy loss as a function of its initial collision energy. ∆E is the energy
transferred from the shuttle into and that back-drives the actuator, and can be thought
as the energetic cost of proprioception. The same figure shows that as collision energy
increases, the energy loss also increases. This is due to the fact that the viscous friction and
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damping term of the actuator are both proportional to its velocity, thus the actuator takes
more energy away when the shuttle has higher relative velocity with the stationary actuator
at the beginning of the contact. As predicted by the model, the experiments validate that
the larger viscous friction and inertial terms result in a larger slope for the more geared
actuators.

4.5. Simple Behavior Using Proprioception: Feel-Cage Task
Sensing contact and then re-positioning the actuator is a primitive task embedded in a wide
variety of robotics behaviors. We first characterize the performance of these actuators with
respect to these tasks, then explore the broader behavioral implications.
We illustrate the advantage of good actuator transparency and bandwidth by considering
a contact detection and caging task involving balls of varied mass confined to a horizontal
rail. Each actuator rotates continuously at 1 rev/s CCW and its maximum error accrued
during steady operation due to torque ripple [89] and imperfect commutation is recorded as
es . The actuator continues to rotate until contact is detected with a position error threshold
of ( + es ), where the additional error  satisfies the estimated torque error τerr = ks  =
0.02N · m. If contact is detected, the motor rotates CW at 10.5V open-loop until a position
setpoint to kinematically cage the ball. Figure 16 shows the still image of the feel-cage
task performed on the U10DD actuator, and the resulting performance of these actuators
with respect to this task with different balls is shown in Table 8. As expected, lighter balls
are harder for the actuators to feel then cage since a given collision energy results in faster
post-collision ball velocity. The U10DD performs best by successfully detecting contact
with and then recirculating in time to feel and cage all of the test balls. As predicted by
Figure 15b, the successively more highly geared actuators must impart successively more
energy to the balls during collision, propelling them out of the workspace before caging or
even detection, in the order predicted by the successively greater slopes of the energy-delay
curves.
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Table 8: Feel-cage task results
Balls (mass, diameters)\Actuators
Rubber ball (0.05kg, 0.063m)
Lacrosse ball (0.145kg, 0.064m)
Bocce ball (0.716kg, 0.073m)

U10DD
feel + cage
feel + cage
feel + cage

EC60
feel
feel
feel + cage

T2822
no detection
no detection
feel

U10GB
no detection
no detection
no detection

Figure 16: U10DD performing a feel-cage task for several different balls on a rail. The
photo is taken at an interval of 0.05s

4.6. Advanced Behaviors Using Proprioception
The feel-cage task is an example of an emerging class of dynamic primitives that rely on
proprioception in which the sensorimotor subsystem must:
1. feel the environment or object of interest using proprioception (causing a delay tfeel ,
or tr in our study, dictated by the transparency)
2. process these signals, and generate a command (causing a delay, tprocess , dictated by
the digital signal processing speed)
3. act as a reaction to the command (causing a delay, tact , dictated by the actuation
bandwidth).
The task is successfully accomplished if the total time:
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ttotal = tfeel + tprocess + tact

(4.5)

is shorter than the time budget, tbudget , dictated by the system’s dynamics. This mirrors the
sense-plan-act planing approach [90]. We now neglect the second step as tprocess is typically
orders of magnitude faster than the other two (only 1ms in our case), and independent of
the sensorymotor subsystem.
Dynamic door opening [12] fits this class of behaviors, since the robot jumps up and towards
the door with a given horizontal component of velocity (imposing an energy budget). The
machine must then catch itself by exerting a normal force on the wall (it is too high off
the ground to be supported) and perform the remaining elements of the task before falling
back to the ground. The robot must feel the door handle with a given limb, then use the
same limb to act, first retracting then engaging with the door handle, all before the robot
falls back to the ground. If the transparency is too low, the robot will not perceive the
door at all with the given energy budget and just fall back to the ground (tfeel ≥ tbudget ).
If the transparency is perfect, but the actuation bandwidth is too low, the robot will feel
the door, but will not be able to react quickly enough to engage the handle before falling
to the ground (tmove ≥ tbudget ). Finally, any combination of transparency and bandwidth
that cause tfeel + tact to take more time than tbudget (dictated by the dynamics of the robot
and the door handle) will also fail.
High speed locomotion [34, 71, 91] also has similar constraints, though the energy budget
for the task (in this case related to the vertical component of the velocity) is much higher.
The actuator in the leg must feel touchdown without wasting too much energy (plastic
collisions and damping in the leg), or consuming too much time. The leg must then act in
the remaining stance time to carry out the desired active control (the efficacy of which is
dictated by the actuator’s bandwidth).
The feel-cage manipulation task can be generalized to consider different kinds of dynamic
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[92] proprioceptive manipulation in which the manipulator must feel the object before it
must then act on the object to do work on in. In this case, the “energy budget,” i.e.
the threshold of imparted energy, beyond which the task will fail, might arise from any
combination of physical events, such as:
• pushing the object out of the workspace (or close enough and with the right velocity
that the bandwidth is not sufficient to do the act step)
• reaching the manipulator’s terminal velocity while contacting the object before it has
been sensed, so no further acceleration is possible
• not damaging the object if it is fragile (which can also impose additional constraints
on maximum forces).
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CHAPTER 5 : Design of Commercial Legged Robots
While the direct-drive machines outlined in this thesis serve as important benchmarks for
the performance that is possible when actuators are maximally backdrivable, these robots
that use COTS motors are small and light (2-5kg), not able to support payloads, and have
limited endurance. With custom or more exotic motors that have been developed in recent
years [52], it would be possible to construct legged robots using these designs at a larger
scale but at a significant cost increase (the higher performance motors being roughly 10x the
price of the T-Motor U8 for example.) Instead we consider the design of three commerciallyviable legged robots that are available for purchase today, specifically the Ghost Robotics
Vision 60 [6], Boston Dynamics Spot [13], and Anybotics Anymal [14]. In Section 5.1 the
reduction systems and torque sensing/estimation are analyzed in detail, and in Section 5.2
we consider leg design and other factors for fielded machines.
Through the Author’s work on the design of the Ghost Robotics Vision 60, we have shown
that while the specifics of actuator and leg design from this thesis are not applied directly,
the principles can still be used in the design of commercially-viable legged robots without
the typical use of strain-wave reduction systems, series-elastic elements, or torque sensors.

5.1. Actuator Design
For commercial legged robots [6, 13–15] to be useful they must be able to cover distances
that are at the scale of humans performing work (about 3-12 km [93]) at around human
walking speed (1.2 m/s [94]). Moreover, these robots must be able to support payloads
including task sensors, and small robot arms (up to 15 kg [95, 96]). These task sensors and
arm need to be able to interact with objects (valves, screens, manufactured items, etc.) in
settings designed for humans, so the top of the robots tend to be 0.5-0.6 m tall, resulting
in machines that are 32-45kg. The actuators of these legged robots have their transmission
ratios optimized for energy efficient locomotion in these conditions, often employing strain
wave reduction systems which start at 50:1, resulting in systems that are far from directdrive.
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Table 9: Commercial quadruped actuator properties
Vision 60 Spot
Anymal
Reduction Technology

Gear

Strain wave

Strain wave

Torque Sensor

No

Yes

No

SEA

No

No

Yes

This observation of larger machines requiring either higher gear ratios or more exotic actuators can be explained by considering how electric motor torque scales with length compared
to the torque requirements of supporting the body weight in stance for legged locomotion.
For an electric motor with gap radius r and length l, the shear stress at the gap due to the
Lorentz force, σ ∝ IBn [97] where I is motor current, B the magnet field strength and n,
the number of turns of the wire. The output torque of the motor, τm = 2πlr2 σ, so scaling
isometrically, r ∝ l, and therefore τm ∝ l3 . The mass of the robot, m ∝ l3 , so the force
required to support the mass in stance, Fst ∝ l3 and the required stance torque, τst ∝ l4 .
Hence the required motor torque τst ∝ l4 but τm ∝ l3 and therefore for the actuator torque,
τa = Gτm to keep up with the demands of this task, G ∝ l.
5.1.1. Reduction System
Since the commercial robots all use either gear (Vision 60) or strain wave reduction systems
(Spot and Anymal) for their modular actuators, it is convenient to compare both technologies when made by the same manufacturer, Harmonic Drive. The strain wave gear unit
reduction starts at 50:1, and a planetary gearbox is also available in that ratio. Both gearheads are sized to have similar repeated and momentary peak torque limits, and configured
with output shafts, resulting in the selection of HPN-11-A-50-Z-J6 and CSG-14-50-GH-J6
whose properties are shown in Table 10. The repeated torque limits (26 and 23 Nm) and
momentary torque limits (40 and 46 Nm) are very similar for the reduction systems employing two stages of planetary gears, and a strain wave spline respectively. As expected,
the most notable difference is the backlash, where the planetary drive has 7 arc-min (which
is impressively low for a two stage system) and the strain wave has zero backlash (but 1.5
arc-min of accuracy). The mass of the two options is similar, as are the width and height,
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Table 10: Properties of planetary and strain wave reduction systems both produced by
Harmonic Drive [7]
HPN-11-A-50-Z-J6
CSG-14-50-GH-J6
Manufacturer
Harmonic Drive
Harmonic Drive
Technology
Planetary gears (2 stage) Strain wave
Ratio
50
50
Repeated peak torque limit (Nm)
26
23
Momentary peak torque limit (Nm) 40
46
Backdriving torque (Nm)
0.8
3.0
Backlash (arc-min)
7
0 (accuracy 1.5)
Mass (kg)
0.57
0.62
Width/height/length (mm)
42/42/113
56/56/64
Price
$$
$$$$
though the length of the planetary system is almost double (113 compared to 64mm) that
of the strain wave system; this is an important consideration for a compact actuator design
suitable for a legged machine. Finally, the backdriving torque (defined as torque required to
break static friction at the output) is nearly 4x higher on the strain wave system (3 Nm vs
0.8 Nm) which suggests that a proprioceptive strategy will not be as effective, and explains
why the robots that employ strain waves also have other means of torque sensing/estimation
as described in the following section.
5.1.2. Torque Estimation and Sensing
The proprioception strategy used in the Vision 60 robot (no torque sensor or SEA element)
is discussed in detail in Chapter 4 and relies exclusively on software development for torque
estimation, using the existing hardware required for motor commutation (encoder and motor
phase current sensors in the motor controller). Both the Spot and Anymal robots use
additional hardware for torque estimation and sensing.
In the Anymal robot, the actuators contain a titanium series-elastic spring with 0.025◦
resolution or 0.008Nm torque resolution. The actuator is able to produce 40Nm peak,
and is sufficiently compliant and responsive to see 7Nm max when colliding with a rigid
surface at the maximum output speed of 12

rad
s
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[98]. The disadvantage of this series-elastic

Table 11: Properties of torque sensors [8, 9]
Futek TRD605 Omega TQM201-56.5
Torque range (Nm)
0 - 50
0 - 56.5
Torque resolution (Nm, 12 bit ADC) 0.012
0.014
Max overload torque (Nm)
75
84.8
Rotating
Yes
No
Linearity (%)
0.2
0.2
Price ($)
3255.00
983.72
approach is that the joint stiffness is fixed by the mechanical spring (3.2 N◦m in this case)
and changes over time due to creep and hysteresis. The output actuator bandwidth is also
low-passed by the spring, in this case 24Hz at 10Nm [98].
In the Spot robot, a torque sensor is used at the output of the actuator [99], but exactly
which sensor is unknown. Assuming similar peak torque to the Anymal actuator, Futek
TRD605 [8] or Omega TQM201-56.5 [9] might be suitable candidates (though they are sold
in housings, and the actual robot likely employs a strain gauge attached to a strategically
machined portion of the housing or output shaft). Table 11 contains specifications for
these candidate sensors which are based on integrated strain gauges and measure up to 50
and 56.5Nm for the Futek and Omega units respectively. These sensors provide very high
resolution torque measurements, and, when mounted at the actuator’s output shaft, can
do so completely ignoring the motor/reduction system dynamics. In addition to the added
complexity and significant price increase incurred for each of the twelve actuators ($3255
and $983.72 for the Futek and Omega units each respectively), the main disadvantage of
these sensors is that the maximum safe torque is 1.5x the maximum measured torque, and
so if not properly protected it is very likely that these sensors can get irreversibly damaged
(plastic deformation of the strain element) in a fall (a very frequent occurrence for these
nascent commercial machines).

5.2. Design for the Real World
Commercial legged robots must also be designed for real-world terrain considerations including navigating the built environment (stairs, doors, narrow openings/hallways) and outdoor
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terrain and weather (hills, rocks, sand, rain, snow, ice) as well as the human factors associated with robot operation and maintenance (ease of use, frequency, lifting concerns) which
will be analyzed in more detail below.
5.2.1. Leg
In the direct-drive machines, the symmetric five bar leg design is shown to be optimal
for robots at small scales (2-5kg), but the “area” that the legs take up in profile presents
difficulties for larger machines in tasks such as stair climbing where the front half of the
legs can contact the stairs’ risers. This leg design also presents more serious pinch points
and lower mass-normalized out-of-plane stiffness than the parallel five bar, which is more
popular in larger machines [50, 78].
From what is known of the commercial machines, disregarding the abduction degree of
freedom, Anymal uses an RR mechanism [14] that is analyzed extensively in Chapter3, and
both the Spot and Vision 60 robots do not use conventional leg mechanisms at all, likely
due to packaging constraints.
5.2.2. Field Use
The endurance of these commercial robots is critical to be able to perform missions of
sufficient length (3-12 km [93]), and so the machines are optimized to some degree for
efficiency and contain large batteries resulting in 90 minutes of poorly-defined “mixed use”
operation for Spot [13] and Anymal [14]. Assuming that 70 of the 90 minutes of “mixed
use” are walking at 1 m
s this results in a range of 4.2km, and the Vision 60 robot is capable
of more than double that at 9.7km of range [6].
Water and particulate ingress also present challenges, and so the Spot robot has been sealed
to IP54 [13] according to IEC 60529 [100] which is protected against dust penetration that
causes damage, and water splashing from any direction, while the Anymal and Vision 60
machines are rated to IP67 [6, 13] and are therefore sealed against all dust ingress as well
as full submersion in water (1 meter for 30 minutes).
A final consideration is field maintenance and repairability. All three commercial machines
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have user replaceable batteries, but little is known about how to replace a leg on the Anymal
or Spot robots while the Vision 60 leg can be field-swapped in the field with basic hand
tools in under five minutes.
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CHAPTER 6 : Conclusion and Future Work
6.1. Summary of Contributions
This thesis addresses one of the fundamental challenges in legged robots, namely the design
of actuators and transmissions (motor, gearbox, leg) that are capable of both the high forces
necessary to support the body during stance, and the high speeds required to recirculate the
legs during swing. Toward that end, it offers careful actuator characterization for both doing
work and extracting information from the environment, and is innovative in proposing a
new actuator sizing measure, (Kts ), and establishing a necessary condition for DD machines
(amcv ). These, in addition to a novel leg design (a symmetric five-bar where the “knee”
rides above the “hip”) have led to the design of the first family of direct-drive legged robots.
These machines are designed to forgo the need for force/torque sensors or instrumented
series-elastic elements for contact force estimation, because the actuators are themselves
sufficiently backdriveable to “feel” contact forces (both tangential and normal) using only
the required sensors for commutation. Already these innovations have had influence on
both academic [1–3] as well as industrial [6] legged robots, manipulators [4], and hands [5].

6.2. Future Work
6.2.1. Opportunities with New Technology
As new motor [52] and backdriveable transmission technologies [101, 102] are developed,
the measures and analytical framework presented in this thesis can be used to validate
the suitability for the next generation of highly dynamic and agile industrial and research
machines with frequent interactions with the environment. The backlash of the transmission system (and the rest of the leg) is also very important to proprioception because of
the unmodeled (and unsensed) collisions that occur when the mechanical elements reverse
direction and are suddenly decelerated when the slack is taken up. As new transmission
options are developed with more minimal backlash that also support low gear ratios (strain
wave systems typically start at 50:1 [7]), the proprioception-only approach becomes even
more viable. Such proprioceptive actuators are relevant not only in the type of machines
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produced to date–their legs, arms, and hands–but also in such forms as both full body and
single limb prosthetics and more exotic hybrid robots that rely on force estimation for load
balancing, traction, and safety.
6.2.2. Limit of Contact Information Per Collision Energy
In Section 4.4, energy-delay curves are presented as a working definition of actuator transparency, where for a given actuator (motor, reduction system, encoder) there is a trade-off
between the energy that is spent or wasted on a collision, and the delay associated with
gathering the information from the event, whether binary contact detection in this simplest
case or the contact force vector more generally. Each actuator has a unique transparency
curve, and by comparing the curves, the efficacy of the actuator’s transparency or information gathering ability can be contrasted. For each actuator there exists a minimum collision
energy where proprioceptive contact sensing is possible, below which no information can
be obtained from the environment and the machine is not viable in contexts that involve
contact–in other words, any machine that has to react to its surroundings. Additional
future work could explore this potentially fundamental limit in robotics.
6.2.3. Dynamic Transitional Behaviors
As demonstrated by the feel-cage task from Section 4.5, actuators with good proprioception
and bandwidth are able to perform tasks that require gentle contact and quick reaction
much better than conventional designs. This was exemplified by using the Minitaur robot
to dynamically open a door [12] where the actuator (through the leg) had to feel the door
knob, retract, and extend to open the door all while the robot was in the air during a leap. A
similar approach was also used to have the Minitaur machine jump onto a stool (which was
on wheels) to grab and then manipulate the stool, without having it roll away [103]. These
demonstrations represent a preliminary exploration of highly dynamic reactive transient
behaviors that greatly augment the capabilities of robots, especially at the smaller scale.
With the beginnings of more readily-available highly proprioceptive legged machines, such
behaviors could further augment the fielded utility (now dominated by periodic gaits) by
increasing the workspace by means of leaping and other acrobatic maneuvers, including
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transitions from horizontal to vertical surfaces [12].
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APPENDIX
A.1. Invariance of Leg Design Measures to Leg Angle
For each of the leg designs, there is a linear change of coordinates L : T 2 → T 2 from the
original joint angles such that if α = Lq, then α1 is the “leg angle,” i.e.

g(q) = ge(Lq),

ge(α) = R(α1 )h(α2 ).

(A.1)

For the serial design (3.1), LS = I, and for each of the parallel designs (3.2)–(3.3), LP :=


1 1 1
2 1 −1 .
Proposition 1. The singular values of the Jacobian of (A.1), Dg, are invariant to the leg
angle, α1 .

Proof. At first, we show that if L = I, the proposition holds:
Using the chain rule on (A.1),

Dg = SRheT1 + RDh,

where we drop the dependencies R(α1 ), h(α2 ) and Dh(α2 ) for brevity, S :=

(A.2)

 0 −1 
1 0

, and

e1 := [ 10 ]. Now, multiplying and simplifying (A.2),
Dg T Dg = DhT Dh + e1 hT he1 + DhT SheT1 + e1 hT S T Dh,
and observe that all dependence on α1 (in the form of R in (A.2)) disappears. Thus, Dg T Dg
is invariant to α1 .
Lastly, since DL = L is constant, and

Dg T Dg = LT De
g T De
g L,
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(A.3)

the linear coordinate change L does not affect this proposition, and the argument above for
L = I carries over directly.

A.2. Relation of Measures to Jacobian Singular Values
Let the (ordered) singular values of the square matrix J be {σmax , σmin }. Observe that
1. The expression on the left hand side of (3.6) is the Rayleigh quotient for the matrix
JJ T , which is minimized by its smallest eigenvalue [104]. Additionally, J T and J have
the same singular values, and so any measure depending on the singular values of J
or of J T is invariant to leg angle (Appendix A.1).
2. Since the eigenvalues of (J T J)−1 are the reciprocals of eigenvalues of J T J, the singular
values of J appear in the denominator of (3.7).
3. Since trace(JJ T ) = trace(J T J), the Asada metric of 3.2 is also independent of leg
angle.
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